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JII., SELECTION OF DISTRIBUTIONMS

For the present analysis, the basis for selecting
distributions to model the scatter of pellet strikes from
the XM261 was a letter from the United States Army Material

 Systems Analysis Agency (USAMSAA) [Ref. 2]. USAMSAA was

- replying to a request from USASASA to analyze data obtained

from firing the XM261 round. The data analvzed by USAMSAA
was prepared by the Frankford Arsenal. As a result of their
analysis, USAMSAA suggested that the distribution of pellet
strikes from the XM261 round when fired from a rifled barrel
could be modeled by using a polar coordinate system with the
angle havirg a uniform distribution, the radius vector having
a normal distribution, and the angle ana radius vector being
independent. (The model based on these assumptions will

herecafter be called the Polar Model.) When the XM261 round

- was fired from a smooth bore barrel, USAMSAA suggested that a

bivariate normal'distribution with independent X and Y would
serve as an adequate model. This student felt that these two
models could serve as an adequate basis for an initial investi-
gation of the XM261 data provided by H. P. White Laboratory.
The plane had to be partitioned into regione so that a
chi -square goodness-of-fit test could be performed. The
objective for the partition was to allow the maximum numnbar of
regiohs consistent with the requirement to have an expected
frequency of observation of pellets of apprcximately five

[Ref. 3 and 4]. In connecticn with testing the f£it of the
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equally prxobable regicns. Since i 1 asgumed to
have a uniform distribution, the plane first divided into
six regiors by constructing six rays from the origin at &0
degree intervals. Then four circles were superimposed over

the rays to- further divide the planas. The radii of the

circles corresponded to the 20, 40, 60, and 80 percentiles

of the fitted distribution of the radius wector. This

resulted in a partition of the plare into 30 nearly equally
probable regions (see Figure 1l). Since there were 160 data
points, the expected freguency for each of th: regions was
5.33.

When testing the fit of the b -=riate normal distribution,
the plane was divided into 36 rectangles. The mean and
standard deviation of the X variable were estimated usins
the maximum likelihocd estimates. Then values for the 16,67,
33.33, 50, 66.67, an§ 83.33 percentiies of the X varizble
were estimated vsing the estimates £or the mean and standard
deviation. A vertical line was consiructed on the X value
which corresponded to each ot these estimated percentiles.
Then using the same method horizontal lines were constructed
on the same sample percentile. of the Y variable. The
resulting partition prcvidad 36 nearly egually probakle
rectangles (see Figure 2). The expected freguency based on
the 160 data points was 4.45. Aalthough this was less than

the desired frequency of five, it was sufficient [Ref.3].
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parameters,

the mean and standard dev

X and ¥ wvariables, had to be estimated.

variables were assumed to be independent, there was no need
t0 estimate a correlation coeificient. Because there wer

36 regions and four parameters estimated, this chi-sguare
test had 31 degrees of freedom. This yielded a critical

value of 45.0 for a fise percent level of significance and

& critical value of 41.5 for a ten perc:nt level

e

f s

o]

gnifi-
cance. The test statistic had a valu= of 95.6 for the 10

peter data and 2 value of 93.8 for the 30 meter data.

Tlence, the hypothesis that either set of data was distributea

according to a bivarate normal was rejected,

wen fitting the Polar Model, only two parameters, th

mean and standard deviation of the distribution of the

radius vector, were estimaxted. Pecause the Polar Model had

30 regions and two parameters were estimated, this chi-square

statistic had 27 degrees of freedom. The critic

five znd ten percent levels of significance are 40.1 and

36.7, respectively. The test

al values for

statistic for the 10 meter data

was 55.25, that for the 30 meter data was also 55.25. This

led to the rejection of the hyvothesis that either set of

data was distributed according to the Polar Model.
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Since both
for adequately
war scugnt. A

suggesited that

two pi, the ra
gamma distribution, a2nd the angle and the radius vectur

were indeperdent. This distribution will be referreé to as
the Polar Gamma distribution. The plane was partitioned for
the chi-sgquare goodness—of-fit test in the same way as for
the Polar Model. The values of the radii of the circlies
corresponded to the appropriate percentiles of the gamma
distribution of the radius vector.

If a gamma distribution was to be used to represent the
distribution of the radius vector, the parameters would
have to be estimated from the data. The magiﬁam liklihood
method of estimating the parameters has some appeal, but
it is cumbersome because it involves the gamma function.
Therefore, it was decided to use the method cf moments to
estimate the gamma parameters. This decision was made in
spite of the fact thac the method of moments proeduced a
biased estimate of the parameters. Appendix B ccntains the
method of moments estimates and a justification that they

are biassed. Even after the parameters were estimated some
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vzlues for the radii of the circles separating the different

Specifically, if X is disiributed gamma (2,1} and Y is

distributed Poisson (iy), then P{X<x}=P(¥:¥} [Ref. 5].

7%

Therefore, the percentile values for the gamma distributisn

with &an integer alpha value can be interpolated from a table
g

of cumulative values for the Poisson dis
One of the considerations for this probklem was that

the distribution used to describe “he data should lend

itself to easy generation by computer simulzticon. Hence,

it was decided that after the gamma parareters were estimated

ésigg the method of moments, the integers on either side of

the estimatzd alpha value would be uses instead of the

estimated alphiz value. This approach would permit the use

of the reiationship between the gamma and the Poisson

distributions. Each data set would then yiesld tvo chi-~sguare
tast statistics for each set of gamma parameters sstimated:

One test would use the integer value immediately below the
estimated alipha value, the second would use ithe integer

value immediately above the estimated alrha value. 3Both

tests would use the estimated lambda value.

of two paramsters and

il

Ivtn e

it

H

=
=
=

I.’mvﬁ‘mﬂ"lmﬁ‘ Voo ABEILAIAR R FOARS

i




z % z 3 = 3 o Fo I 3 1
regions, the 02 3 insss-of~fit test oy the Polar

were 58.6 and 52.6. Therefore, both of the null hypotheses
that the two sets ol data were distributed according tc the
- Polar Gamma distribution we?e rejected., Although th
bivariate normal, Polar, and Polar Gomma disitributions had
bzen rejected as models for the data, the Polar Gamma
distribution had produced the lowest valus for the test
. statistic for both the 10 and 30 meter data. This indicated
that the Polar Gamma distribution might have some potential
t Aescribe the data,

Because all the distributions had fai

B,
ot
)]
th

to produce

an acceptable description of the data, a check was made
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suspected ol causing the drif: t¢ the leff. Since the

left handed rifl.ng produces 2 counterclockwise rotation
©f *he projsctile, the project . ls would fend ko drift %o the
left wher meeiing air rvesistance. If the center of mass did

in fact drifi: £rom the a_m pciant and if ths &rift was random,
then this variation in the logation of the centers of mass
would intrcduce an uncontrolled variation among ths rounds.
This would be consicdered undesirable since the chi-sguare
goodness—of-fit test assumes that all obssrvations (shots)
come from the same distribution.

In order to determine whether the data would tend to
support or refute the hypothesis that +4he cesnters of uwass
did drift as range increased; the center of mass ¢f each
shot was calculated from the data at ranges of 10 ang 30
meters. Each center of mass was biased on the 16 pellets
in one Xi22e% yrand. An examination 0f the centers of mass
calcelated in this fashion tended to support the hypothesis
that the center of mass drifted up 2nd £¢ the left as
range increased: For both the 10 and 30 meter data eight
cut of ten X coordinates of the centers of §§§s were negative
and nine out of ten Y coordinates were positive. Furthermore,
a comparison cf the centers of mass at 16 and 30 meters
for the same ~ound revealed that eight out of ten centers
of mass had drifted up and to the left. It was also noted
that the actual distance that the center of mass moved
varied siguificantly among the rounds. The calculated cen-

ters of mass are provided in table 1.
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T T W e Bt e e ak g-,-\ia:;i-S
Roung 16 Heters 3G Heters =
. 1 {6.25,31.1%y {(-0.46,2.25} 3

i)

£0.5C,1.3%) {~3.03,2.83)

{"g §§3§2633} {“8543;3&?2}

2

3

4

5 {~1.82,.-1.31; {=3.76,-4.20}
5

7 (-0.85,5.64) {-1.45,2.15)
8

Y

{-2.50,2.27) {-5.37,2.58)
- 19 {1.29,5.0%) {-4.08,0
Overall Mean {(-6.52,1.18) {-2.862,2.36)
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distribution. For the 30 meter data the Polar Gammwa distri-
bution with alphz parameter equal ¢ 16 would he preferred
. above 21l other distributions, However, when choosing
between the two Pelar Gamma distrxivution for the 10 meter
data, an additional consideration should be included. It
seened reasonable that the distribution selected to model
the scatter of pellets at 10 meters should resemble the 30
meter distribution as closely as possible. The addition of
the consideration favors the selection of the Polar Gamma
distribution with alpha equal to 16, even though the test
,; statistic for the other Polar Gamaa distribution is sliuhtly
- smaller. Therefore, this student would select the Polar
Gamma distribution with alpha equal to 16 as a model for the
scatter of pellete fired frum a rifled barrel. Additional
3 justification for preferring the Polar Gamma distribution
cver the Polar distribution is found in the characteristics.
of the different distribution. Since the Gamma distribution
i is defined only for positive values, using a Gamma distri-
butior to model the distributicon of values of the radius
vector is appealing. The normal distributicn, on the other
i; hand, is unbounded in both the positive and negative direc-
tions. This always allows the theoretical possibility of
having a negative value for the radius vector. If the mean
of the distribution of the radius vectcxr is not large with
i respact te the standard deviation, using a2 normal di:-:ribu-

- tion could produce a significant number of negative values.
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Moreover, the histogram of data values for the radius
vector appeared to resembie a gamma distribution more than
a normal distribution. Finally, the gamma distribution is
easily modified to allow for variaticn in ranges. Only -
the scale parameter lambda need be modified to reflect a
change in range. Possible procedures to account for the

change in lambda as the result of a change in range are

Gigcussed in appendix F.
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V. ANALYSIS OF SMOOTH BAFREL DATA

'
P
o

the Gamma distribution werye estimated using

nalysis of the smooth barrel data was similar ¢

Q

and Polar Gamma, were then used to idstermine if they could

>deguately explain the data. 2ll three failed to provide an

acgeptably simall value for the test statistic. For example,

the 10 meter data producad test statistics of 145.5, 2%1.0, -

25%,.2, and 24%2,5 Zfor the bivariste normal, polar, and the

Awe versions of the Folar Ganwma distributions, respectively.

Foiliowing the technigue of the previous section, the

centers of mass were caiculated using the da*ta points in

gach rcound, These caleoclated centers of mass ware

then

examined. As with the rifled barrel, the smooth bore data

centerzs exhibited a random drifi. However, the characteris-

tics of the drift woere slightiy different. Since the barrel

was no longer rifled and since the rifling was suspected of

roducling the arifi toward the left, one would expe
¥

smooth barrel to fail to consistently prcduce a movement to

the left. The smooth barrel data was, in fact, free from
this tendency. Essentially half cof the centers of mass
drifted to the left and half to the rzight. Thexe conitinued

t0 be a tendency for the centers of mass Lo rise as

3

range increased. As a matter of fact, 211 ten cent

mass rose as the range increased. In orde

a1

=
2Y3 D%

¢ remove this
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sach impact 2oini in that round. The centers of wmass for
the smooth barrel dats are provided in Table 2.

However, ev:n with the data modified in this way, the

vatlues for the: zagius vecter, he noticed that rounds 6, 7,

ané 8 produceld aep insrdinate number of large values fox the
radiua vector. This caused him to suspect that these rourds
might bie classifi=d as outliers. :onseguently, he calcula-

ted the sam:le varience for the tiree rounds in guestiop and

the samp-le variance for the remainin

W)
{
(1]
b
[a]
Q
foke
n
»

the ratio of these sample variances was calculated, an F

data was 21.9, for the 30 meter data 30.3. The critical
value ftr a level of sizuaficance of five perxcent and
éegreés of freefom 46,112 is approximately 1.55. Since the
test stitistics were large with respect to the critical
value, this student classified rounds 6, 7, and ® ocutliers
aﬁﬁ rem~ved them from the data set. This variation among
the rounds may have been produced by variation in the manu-

facture or performance of the ammunition., In any event,

there seoms to be sufficient reason to dasire a repeat of
this expiriment to see if this vaviation is ckserved again.
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Impact at 10 Meters Impact at 30 Meters g
Nurbes X{(in.) Y(in.) X(in.) Y{(in.} E
3a +3.4 -7.4 +35.3 +6.3
b -0.9 -2.6 +33.4 +33.5 =
c ~1.8 8.1 +33.0 +33.4 e
a -3.7 -5.5 +18.3 +36.5 E-
e -7.4 +1.8 +8.1 +38.4 =
£ “6.5 +3.2 +10.3 +4.8 s
g ~11.3 +1.8 +2.7 +34.3 =
h ~-12.6 +3.7 ~1.0 +40.0 E
i -5,2 . +5.4 -21.4 +5.5 4
3 -3.6 +13.1 -23.1 +2.5 =
k +3.9 +13.8 -37.2 . +1.,3 N
1 +1.8 +15.7 ~40.2 +7.2 i;g
m +2.2 +15.7 ~2.7 -28.5 =
A +4.0 +1.9 ~4.9 -27.0 =
o +12.3 +3.0 -11.6 ~31.6
P +14.6 +4.3 +9,1 -23.1 L
H.-
Y-
2
4da +12.4 -7.6 +29.5 +32.4
b +12,2 ~6.6 +24.0 +35.7 ?‘;
c <7.0 ~30.2 +z1.5 +29.5 :
4 +7.5 ~4.5 +16.2 +15.9
e ~£,. 0 ~8.4 +38.4 -19.0
£ -8, 4 -5.9 +35.1 ~-16.0
g -8.0 -6.6 +21.7 -12.3
b ~10.9 -7.5 +6,1 -10.1
i -2.0 +7.4 ~7.5 ~32.3
3 ~-9.3 +9.8 -25.2 ~23.8
k -4.7 +12.2 -38.8 ~2€.5
1 -13.3 +14.4 -30.3 ~-38.7
n +8.4 +11.1 -31.2 +21.%
n +8.0 +9.,5 -33.5 +28.5
o +10.3 +10.3 -33.5 +25.2
2] +7.1 +4 .7 ~38.4 +35.1

Segquence of sub-projectiles listed &t 3. weters is not

necessarily identical with the sequence listed at 10 meters.
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Shot Impact at 10 Meters
X(in.)

Numher X{in.)
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values are availablie at three rang

ses for each shot fired

it is possible to f£it a parabola through the coordinate

wvzlues for esach coordinate cof each

center of mass. DUsing the

parabolas detennined for the two coordinates of = center of

mass, the positicon of the center ¢

R

f pass can be determined

for any range. However, the procedure does not provide any

insight into the physical phencomencs

It does provide z method of modeling the =motion of th

center of mass as a function of range which will reproduce

the experimental datsa.

A model of the drif: of the centey of mass ¢car b
a

the forces acting on th

resistance} act for only a short period of tise, once the

covering on the pellets is aerodynamically stripped away

air resistance is negligible

ficantly affect the peliets 2vCi their maximum effective

range. Under these assumptions, the forces causing the centsat

of mass to drvift can be visaalized

as the proiectile leaves the barrel. After leaving

barrel, the projectile would travel in a straicht line. Que

can then use the two data points at 10 and 30 meters &

estinmate the parameter of a straight line through the origin

usin; the least suaces methocE. Th
the origin because at zerc range

the origin.
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Riter 1000 runs through the program , the stored test
statistics were sorted from smallest +o largest, The 3, 10

4

25, 50, 75, 90, and 95 sample percentiles were printed. The

30 and 95 sample percertiles were used to represent the
critical values for this goodness-of-fit test. The sample

percentiles are given in Table 3 as a function of the alpha

value,
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TABLE IV

S5~MPLE PERCENTILES FROM GOODNESS-OF-FIT SIMULATION

ALPBA

W oW 3

10
11
32
13
14
15
1s
17
18
19

20

2

21.8
26,0
20.0
206.0
21.8
1i.5
13.5
19.6
19.6
15.2
i8.5
19,2
19.2
18.5
18.5
17.7
19.2
18.8

10

24.5
31.2
22,2
23.0
24.5
24.5
22.2
21.5
21.5
21.8
21.1
21.5
21.1
20.7
20.7
20.0
21.5
20.7

SAMPLE PERCENTILE

25

24.8
24.5
24.5
5.2
25.6

50

84.5
65.2
36.8
36.1
4%1.0
33.5
34.2
32.0
31.5
31.2
3¢.8
39.5
30.1
2% .3
30.1
30.1
30.5
30.1

75

157.2
105.1
45.8
46.2
54.8
55.6
£3.2
38.7
36.8
37.2
36.5
36.1
3.7
35.3
35-7
35.3
36.1
36.%

Dn
T~

185.3
135.5
56.0
57.5
59.0
69.3
54.5
45.8
42.8
42.5
42.5
41.7
41.3
41.3
41.7
41.0
42.5
3L./

a3

193.2
162.8
65.3
65.7
75.1
76.2
€3.5
50.7
46.6
46.6
47.0
45.1
4¢.2
44.5
45.1
44.7
45.8
45,1
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APPENDIX F

LAFBDA AS 2 FUNCTION OF RANCE

Since data for only two ranges was analyzed, only two

. " wvalues of lambda are available at different ranges. Aan

additional value for lambda can be deduced by observing that
the variance of a gamma ranGem variablz is «/X and the
variance of the pellet strikes at zero range is essentizlly
2ers. Since o iz a constant in the models of interest, a
must increase without bound as the range decreases to zero.

This is the only way to produce a zerc variance at zero

v
9 A SRS AN R B e W AR 0 A D

range within this family of distributions.

Since lambda is urnbounded, it is mcre convenient to

determine the reciprocsl ¢of lambda as a function of range

and require that function to go througk the origin. This

n
]
o
ﬁ;
i
o
=)
&
I

rs a strong resemplence to the prcblem of
determining the drift of the center of rass as a function
of range. 2As in that case, it would havs been desirable to
have additional informaticn about the way lambda varied as

range increased. If data hacd besen taken every five or ten

could have been accomplished.

A parabola can be used to fit the three values of the

reciprocal of iambda. ‘'This method has the advantage of

LS ARAEIN W A

exactly duplicating the experimental resulis at the known
ranges, However, it offers no insight intc ihe reason why

lambga should be expecred to vary In this way.
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aAn alternative methed can be pased on the dimensionality
of the reciprocal of iambda and the moments of the E;Ema
distribution. Since lambda varies with the range and the
reciprocal of lambda times a constant is the expected valne
of the range, then the reciprocal of lambda must have dimen-
sions of length. Since the dimensions of the reciprocal of
lambda and vange are the same, this suggests that a linsar
relationship between the reciprocal of lambda and range might
be approgriate. Therefors, it may be reasonable to use the
least sguares technique to estimate the slope of a line
through the origin and use that line to determine the recipro-

cal of lambda, and hence lambda, as a function of the range.
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